The use of generating functions for IMO-type problems - Atli FF:

Generally when we enumerate things, we have some form of structure on a set of atomic objects. For example a
graph on vertices, permutation on objects, functions on a domain and so on. If we call the number of such atomic
objects in the structure its size, another important feature is that the number of structures of a given size is finite.
This gives rise to a sequence ag,aj,as,... of integers that can be worked with in lieu of the original structure.
We will denote such a sequence (a;). These notions of structures on atoms and the series they give rise to can be
made formal, but that is outside the scope of this material. For those interested Analytic Combinatorics defines
these notions in terms of combinatorial classes and Combinatorial Species and Tree-like Structures defines them in
terms of species, we will borrow ideas from both. But first we will define generating functions, flagrantly borrowing
material from generatingfunctionology.

Definition. For a sequence (a;) we will define its ordinary generating function as A(z) = > p, axz®.
Definition. For a sequence (a;) we will define its ezponential generating function as A(z) = Yo, S,

These definitions may seem odd for those who have not seen them before, but my hope is that by the end their
usefulness will be clear. We will generally shorten these as ogf and egf. Many operations on such series translate
very naturally into the realm of combinatorics for example. But first we shall see how they can be used to solve
recurrences.

Consider a sequence (a;) such that ap = 0 and a,,+1 = 2a,, + 1. If one calculates out the first few terms it’s not
hard to spot the pattern, but let’s try to use the series A(x) to solve it. The trick is to sum the given recurrence over
all valid n. It then becomes Y 3= apt12¥ =23, _ axz®+> 7, 2*. The first term on the right hand side is simply
2A(x). The second is a geometric series, so it is equal to 1/(1 — x). But what about the left hand side? Well if we
multiply it by z it becomes Y 7o ) ag+12"T!. This is simply A(z) with the index shifted, so since ag = 0 it is equal
to A(x). All in all we get A(x)x~! = 2A(z) + (1 —x)~!. This can be solved to get A(z) = 2(2/(1—2z)—1/(1—2)).
Both of those inner functions are geometric sums, so we can expand this to get A(z) = Zzio(2k — 1)z

This was a lot of heavy machinery for a rather simple recurrence, but its strength is that it works on much
more complex recurrences. Consider next ap = 1 and an11 = 2a, +n. We can sum over this again, getting
S neo a1zt =230 Caga® + 307, ka®. We already know how to deal with most of this, but what about the last
term? Taking the derivative of the geometric series we get Y- kxF=1 = 1/(1 —2)2. So if we multiply through by
x we get what we want. This time we have to subtract off ag on the left hand side before dividing by x is valid, so
we get (A(z) —1)/x = 2A(z) + /(1 — z)?. This can be solved to get A(x) = 2/(1 — 2x) — 1/(1 — x)?. Using the
same series as above this gives us A(z) = Y 7o (2" — k — 1)z*.

In these two examples we have only used generating functions as algebraic tools, but their real strength lies in
their combinatorial interpretation. That’s why we have both ogfs and egfs. Informally the ogf encodes unlabeled
structures while the egf encodes labeled structures. In this context we are distinguishing whether the atoms of
the structure are different to one another. For example a permutation is a structure on labelled elements while a
triangulation of a polygon would be a structure on unlabelled elements. We distinguish between 1 and 2 in the
permutation, but don’t distinguish two triangles in a triangulation.

The reason for this distinction lies in how the multiplication of the generating functions work out. Thus let us
now lay out a long sequence of propositions detailing how the sequences and generating functions interact before
moving onto examples.

Proposition (1). If (a;) has an ogf A(z) and egf A(z) then (a;is) has the ogf A& a"*alxl"'fah"lzh'_l and egf
+ =
@}JAA(;I:).

Proposition (2). If (a;) has an ogf A(z), egf A(z) and P is a polynomial then (P(i)a;) has the ogf P(xd,)A(x)
and egf P(z0,)A(z).

Proposition (3). If (a;), (b;) have ogfs A(x), B(z) and egfs A(z), B(z) then (a; % b;) has the ogf (A + B)(z) and
egf (A+ B)(z).

Proposition (4). If (a;), (b;) have ogfs A(x), B(z) and egfs A(z), B(x) then (A - B)(z) is the ogf of (Z;:O a;b_;)
and (A - B)(x) is the egf of (Z] 0 ( )a]bl i)

Proposition (5). If (a;) has an ogf A(z) and A(z) then A(z)* is the ogf of (32
A(z)F is the egf of (3] i ce Q)

ni+nao+-+nr=i nilnal.. nkla”rblang

ni+ne+--+n=1 a”ﬂla’nz e a’nk) and



Proposition (6). If A(z) =Y ;- arz® then A(z)/(1 —z) = Z?;o(Z?:o aj)zk.

Proposition (7). A(z) = Y72, axz” has a multiplicative inverse iff ag # 0. If it has one its coefficients (b;) can
be computed via the formula b,, = _%—1 Zk21 arbp_r-

Proposition (8). For A(z) = Y32, axz”® and B(z) = Y ;2 braz® the composition A(B(z)) is well defined iff A(z)
is a polynomial or by = 0.

Proposition (9). A(z) = Y72, axz” has a compositional B(z) = Y72, bxa® inverse iff ag = 0 and a; # 0. If it
exists it satisfies A(B(z)) = B(A(z)) = =.

We consider two examples to highlight the difference in multiplication. Let (¢,) be the sequence counting the
number of Dyck paths, that is to say paths from (0,0) to (2n,0) with steps (1, —1) and (1, 1) and never dip below
the z-axis. We consider the first return decomposition of a Dyck path. A Dyck path is either empty, or returns
to the x-axis at some point after (0,0). The path up until this return starts with an upward step and ends with
a downward step, and does not dip below x = 1 in between. The part after this return is also another valid Dyck
path. Thus we have decomposed our path into a single fixed step and two smaller Dyck paths of variable size. In
terms of ogfs we can write this as C'(z) = xC(z)? + 1. Solving for C(z) this gives us (1 + 4+/1 — 42)/2x. The limit
x — 0 has to be 1 since ¢y = 1, so the + is a minus. Using the extended binomial theorem and some calculations one
can even use this to get ¢, = (2:) (n+1)~!. Here ogfs were applicable rather than egfs since we do not distinguish
between the steps of a path.

Let S(x) be the egf of permutations. We get S(z) = >0, Hak = (1—2)7 Let E be the egf of sets, so there’s
one structure of any given size, so E () =372, %T = e (It’s customary to denote it E because set is ensemble
in French). Lastly let D be the egf of derangements. Then when creating a permutation we can choose a subset
to be our fixed points, these have the structure of a set, and the rest is a derangement. In terms of generating
functions this means S(z) = E(z)D(z). Since eg = 1 # 0 it’s valid to say D(z) = S(z)/E(x) = e=*(1 — z)~! by
(7). Furthermore by (6) we get that d,,/n! =1/00 = 1/1141/2! —--- 4+ (=1)"/nl.

So combinatorially multiplication means creating some structure from one factor on a subset, and the structure
from the other factor on the rest. What about composition? If A corresponds to some structure on a ground set of
atoms and B corresponds to some other structure, A o B will correspond to a structure where each of the atoms in
the A-structure have been replaced by B-structures.

For example if we consider x + x, this corresponds to having two objects of size 1 and nothing else. If we create
a sequence of these objects, we get something equivalent to binary words. That gives us that the ogf of binary
words is (1 —z) o (z+2) = (1 —22)~! = Y22, 2%2*, which shouldn’t be surprising. What about the generating
function for integer compositions? A composition is a sequence of positive integers, so it should be given by (1 —z)~*
composed with (1 —x)~! — 1, where we subtract one in order to disallow structures of size zero. This comes out
to (1—x)/(1—2x) =1+ 7, 2* 12k which should also be an unsurprising result. Yet another example is the
ogf of rooted unlabeled trees Tr(x). How can we decompose such a structure? Well, a rooted unlabeled tree is just
a root along with a set of subtrees, that is to say Tr(z) = xE(Tg(x)). This gives us Tr(z) = (1 £ V1 —4x)/2x
and by the same argument as last time we can see that the & is a minus, giving us that rooted unlabeled trees are
enumerated by the catalan numbers.

What about labeled composition? Well, for example set partitions are simply sets of non-empty sets, so their
egf is given by (E’ o (E‘ —1))(x) = e ~1. Here we must use egfs since the individual atoms, the elements of the sets,
are distinguishable. For the next example we consider the structure of cycles. On labeled atoms there are (n — 1)!

ways to arrange n of them into a cycle, so the exponential generating function is (Ty\c => % =log(1/(1 — x)).
A permutation can also be decomposed into a set of cycles, so we have S=FEo Cyc which corresponds to the rather
trivial identity 1/(1 — z) = exp(log(1/(1 — z))). But if we limit what cycles are allowed we can get something a bit

less trivial. If we truncate Cyc after the second term we only allow cycles of length 1 or 2. That way we see that
exp(z + 22 /2) is the egf of involutions. In a similar way we can drop all odd terms or all even terms to get that the
egf of set partitions with an even number of odd-size blocks is cosh(sinh(z)).

Proposition (10). Let F' be some structure and F be the structure of its connected components, forests and trees
for example, permutations and cycles, etc. We can say F is the structure of multisets of . Then F (z) = exp(l/?\c(x))
and F(z) = exp(} ;o F°(z*)/k). The k-th summand contributes connected components of size k. If F€ is
the ogf of (a;) this is equivalent to F(z) = [[p—,(1 — 2F)7%. Inverting these we get Z/*—\’C(x) = log(F(x)) and
Fe(z) = >"p2, pu(k)log(F(2*))/k where p is the mobius function.



Proposition (11). Let F be the structure of cycles of F¢ structures. Then F' = log((1 — Z/T\C(x))’l) and F(x) =
Sone (k) log((1 — Fe(x*))~1)/k where ¢ is the euler-phi function. Like above the k-th summand contributes ¢
structures of size k.

Proposition (12). Let F be the structure of sets of distinct F'° structures. Then F(z) = exp(}_ e, (—1)* 71 F¢(2*) /k).
Like above the k-th summand contributes F¢ structures of size k. If F¢ is the ogf of (a;) this is equivalent to

F(x) = T[Z (1 +2h)

These relations between F' and F'© structures can be considered in greater generality using the tool of cycle
index series, covered in Bergeron et. al., but we’ll let these suffice here. Out of the three the first one comes up the
most often.

As an example we can consider partitions of integers into odd parts and partitions of integers into distinct parts.
By letting F°(z) = E(z) — 1 we get that the ogf of partitions into distinct parts is [[;—, (1 + 2*) by (12). Next
we can consider partitions into odd parts that the corresponding ogf is [[r— (1 — 22**1)~1 by (10). Substituting
(1+2%) = (1 —22%)/(1 — 2*) into the first ogf and cancelling gives us that the two ogfs are equal, showing that the
number of integer partitions into odd parts and into distinct parts are equal. The cycle construction comes up less
often, but we could for example consider cyclic compositions, compositions of integers defined up to cyclic shifts
of the summands. Plugging into (11) and calculating out we can get that there are —1 + n~* Ek‘n ©(k)2"/* such
compositions of n, where the sum s taken over all divisors of n.

For egfs we can define a few more useful operations that aren’t applicable to ogfs due to the labelling structure.
When interpreting the product A-B we imagine constructing an A-structure on some subset and a B-structure on
the rest, but what if we wish to constrain which structure ends where? This can be done many ways, but one is
the following operation.

Proposition (13). For a labelled A-structure with egf A and labelled B-structure with egf B we define A” - B as
the egf of the structure of A - B except we constrain the atom with minimal label to be in the A-structure. This
gives us

Next we will cover three problem solving tricks involving generating functions. The first is referred to in the
source as the xd/dx log trick, but I prefer to call it the pointed log trick. This is because in the world of generating
functions zd, A(x) is usually called the pointing of A(z). This is because if A(z) is the ogf of (a;) then 20, A(x) is
the ogf of (ia;) so it’s as if one atom in the structure has been pointed, made special and distinct from the rest. Let
us apply the pointed log trick to the egf of the Bell numbers found above, telling us that e¢ —1 = Yoo bn/nla™
Taking the logarithm doesn’t really make the right hand side any easier to work with, but the trick is in deriving
next because log(f) = f'/f. Thus this gives us
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Thus by (4) we get nb, = > p_, () (n — k)b, which can be rewritten as b, = >, (".")bs, giving us a simple
recurrence for the Bell numbers with very little effort.

The next trick is called the Snake Oil method which can be tremendously useful to evaluate sums. As described
in generatingfunctionology the method has five steps. First identify the free variable in the sum, say n, and call the
sum you’re looking to evaluate f(n). Then let F'(x) be the ogf of (f(7)). Now multiply over the original sum by ™
and sum on n, giving you F'(z) as a double sum. Next swap the order of summation and evaluate the (hopefully)
simpler inner sum. Lastly identify the coefficients of F(x), giving you the answer. In the examples that follow we
will make use of some well known’ ogfs, which are given just before the problems section.

As the first example consider f(n) = 3,5 (,,",). Now we sum and swap, giving F(z) =Y, 2" 350 (,,) =

D oks0 2om (nik) . If the coefficient in the inner sum were n — k, this would be much easier, but we can do this
simply by splitting  up between the sums. Thus we get F'(z) =3, kY (nfk)xn_k. Now we can reindex with
r=n—ktoget F(z) =) ,5,2">, (’:):rr =Yl +2)F =3, 0(x+2%)F = (1 — 2 —2?)~!. This is easily
verified to be the ogf of the fibonacci numbers, finding that f(n) is simply the n-th fibonacci number.

Next consider f(n) =23, (n+k) 2"~k We follow the steps:

Z Z(n+k)2n_k Z Z( +2k) Z Z(a—i—%) )
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A fair bit of calculation, but it’s all routine steps. And with that we get that f(n) = (2-4™+1)/3. There are even
more powerful methods to deal with these kinds of hypergeometric sums, but they won’t be covered here. Those
interested can read about WZ pairs in generatingfunctionology.

The last trick is often called the root of unity filter. Say we want to compute Zk>0 (1320) We have the

binomial theorem, but only want every other entry. So what we do is take (1 + 1)1000 = > k>0 (1000) and add it to
(1—1)1000 =5 o (*P%)(=1)*. Here all the odd terms cancel, so we get that twice our desired sum is 2!, so
the answer is 2999, The trick here is that (1" + (—=1)")/2 is 1 when n is even and 0 when n is odd. This can be
done similarly for other moduli by using roots of unity, for example w = exp(2mi/3) gives (1" + w™ + w?") /3 which
is 1 when n is a multiple of 3 and 0 otherwise. This can be used to compute >, - (1g20 in a similar fashion.

Lastly there are more kinds of generating functions, each changing what the multiplication of generating functions

translates to in terms of the sequence. The last one that will be mentioned here are as follows.

oo An

Definition. For a sequence (a;) we will define its dirichlet generating function as A(s) = Do

We will shorten this to dsgf going forward. Addition and subtraction behave as expected, but one can also
derive the following behaviour for other operations.

Proposition (14). If (a;) has dsgf A(s) and (b;) has dsgf B(s) then (A - B)(s) is the dsgf of (Zd‘iadbi/d) where

the sum runs over all divisors d of <.

Dirichlet generating functions are most useful when dealing with multiplicative functions, which are defined as
follows.

Definition. We call a function f : Zy — Z is called multiplicative if for coprime m,n we have f(mn) = f(m)f(n).
This is because one can derive the following.

Proposition (15). Let f be a multiplicative function. Then we have the formal identity

=TT+ ro + FP + F* > +..)

in which the product on the right extends over all prime numbers p.

As may be familiar to some of you, if we take f = 1 constant, the function we get on the left hand side is the
Riemann-zeta function, denoted ((s). One can show using the 1dent1ty above that this gives us that the dsgf of
(1u(7)) is C(s)~! where p is the mobius function. This means that A(s) = B(s)((s) giving A(s)/C(s) = B(s) can be

translated into coefficients as
=Yt 2 (5
d|n

which is known as the mdbius inversion formula.

Common generating functions:

) 1 ok s . 22k
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Here B,, are the Bernoulli numbers.



Problems:

Problems rated on a scale of difficulty from 1 to 5. Problems with several subproblems are rated by their hardest
subproblem. These difficulty levels are only my subjective experience with solving the problems, but I hope they
give a rough idea at least. Starred problems require results from outside this lecture that the reader might not
be familiar with or use material covered only briefly in the lecture. The source of the problems is given after the
difficulty. I tried to give the earliest source I could find in each case. A lot of these problems can be solved without
generating functions but they can all be solved with generating functions. I encourage the reader to try to solve
them using generating functions.

(1, generatingfunctionology) Find the ogfs and egfs of (i), (ai+ ), (i), (ai® + Bi+7), (3!) and (5-7° —3-4%).

(1, generatingfunctionology) Let A(x) and A(z) be the ogf and egf of (a;). Find the ogf and egf of the following
sequences in terms of A(x) and A(x) respectively: (a; + ¢), (aa; + ¢), (ia;) and ag, 0, a2,0,a4,0, . ...

(1*, generatingfunctionology) Let ap = 0 and a; = 1 be the required initial values when applicable. Find the
ogfs and egfs for the sequences defined by the recurrences a,,+1 = 3a, +2, apt+1 = aan + 8, tni2 = 2ap11 —ayp
and any1 = a,/3+ 1.

(2, Sigurdur Jens) Compute Yo () fr where fj is the k-th fibonacci number.
(2, Nowhere in particular) Compute > _ (7)(k+ 1)1

(2, generatingfunctionology) Use dsgfs to prove }-,, ¢(d) = n, >4, u(d) = 0p1 and 34, p(d)7(n/d) = 1.
Here 45 is the Kronecker delta function which is 1 if @ = b and 0 otherwise and 7(n) is the number of divisors
of n.

(2, Yufei Zhao) Show that the number of partitions of n that have no two equal even terms is the same as the
number of partitions of n with no four terms equal.

(2, generatingfunctionology) Find the dsgf of (2), (i%), (log(4)), (|u(i)]) and (3_,, d?).

(2, Putnam 1957) Let «(n) be the number of compositions of n into parts of 1 and 2. A composition of n is a
way to write n as a sum of positive integers where order matters, so 1 + 2 and 2 + 1 are considered different.
Let B(n) be the number of compositions of n with parts greater than 1. Show that a(n) = S(n + 2).

(2, generatingfunctionology) Let A : Z; — N such that A(mn) = A(m)A(n) for all m,n, A\(1) = 1 and
A(p) = —1 for any prime p. Find its dsgf and prove that de A(d) is 1 if n is square and 0 otherwise.

(2, Enumerative Combinatorics) Let ¢(n) be the number of non-congruent triangles whose sides have integer
length and whose perimeter is n, for instance ¢(9) = 3, corresponding to 3+3+3,2+3+4 and 1+ 4 + 4.
Determine the ogf of t(n).

(2, generatingfunctionology) Find the egf of permutations with no cycles of length < 3.

(2, generatingfunctionology) Show that the number of binary words of length n that can’t be expressed as the
concatenation of more than one identical smaller binary words is given by > dln p(n/d)22.

(2, Analytic Combinatorics) Find the egf of permutations that result in the identity when composed with
themselves f times.

(3, generatingfunctionology) Evaluate ), (n’zifk) (Zkk) (=D*(k+1)~L

(3, Analytic Combinatorics) Prove np(n) = 2?21 o(j)p(n — j) where p(n) is the number of partitions of n
and o(n) is the sum of the positive divisors of n.

2p2-|’—n2j;i|-1) (pzk)

(3, IMO Shortlist 1989) Define (a;) by >_,, aa = 2". Show that n divides a;,.

(3, generatingfunctionology) Evaluate >, (

(3, Enumerative Combinatorics) Let a(n) be the number of permutations w that have a square root, i.e.
there exists another permutation u such that w o v = w. Find the corresponding egf. Use it to show
a(2n+1) = (2n + 1)a(2n).



e (3, generatingfunctionology) In a country that has 1-cent, 2-cent, and 3-cent coins only, show that the number
of ways of changing n cents is exactly the integer nearest to (n + 3)2/12.

e (3, Evan Chen) Prove that for n > 1 we have } 7(d)? = (Xdn 7(d))? where 7(n) is the number of divisors
of n.

e (3, Yufei Zhao) Find the number of subsets of {1,2,...,2007}, the sum of whose elements is divisible by 17.
e (3, AMSP 2011 NT3 Exam) Show that } ;- ¢(k) [n/k] = n(n+1)/2.

e (3, Milan Novakovic) Prove that >_p_, (31) (3)227 =2k = (3").

e (3, Bulgaria 1989) Let Q(n) be the number of prime factors of n, counted with multiplicity. Evaluate
Sy (= 1)) [1989/n).

e (3, generatingfunctionology) Let a mountain of coins be an arrangement coins in rows such that the coins in
each row form a single block, and that in all rows (except the bottom row) each coin touches exactly two coins
from the row beneath it. How many mountains of coins have exactly k coins in the bottom row?

e (4, Euler) Let P(x) be the ogf of the partition numbers. Prove that P(z)~! = Y177 _ (—1)kghGk=1)/2,

e (4, Enumerative Combinatorics) Let f(n) denote the number of subsets in Z/nZ (the integers modulo n)
whose elements sum to 0 in Z/nZ. Show that f(n) =n=! 2 onjd,d odd o(d)2m/.

e (4, IMO Shortlist 1991) Prove that > e (—1)* (**°17%)(1991 — k)~1 = 19911,

e (4%, Analytic Combinatorics) A permutation o = 0105 ...0, is called alternating if o1 > 02 < 03 > 04 < ....
Find the egf for alternating permutations. Hint: Split the problem into considering those of odd length, then
those of even length.

e (4, Enumerative Combinatorics) Find the ogf of permutations on 2n — 1 elements such that for i # 2n — 1 if
m; is even then m; > 741 and if 7; is odd then m; < m;11.

e (4,IMO 1995) Let p be an odd prime number. How many p-element subsets A of {1,2,...,2p} are there such
that the sums of its elements are divisible by p?

e (4, Leo Moser, Joe Lambek, 1959) Prove that there is a unique way to partition the set of natural numbers
in two sets A and B such that for very non-negative integer n (including 0) the number of ways in which n
can be written as a; + az, a1,a2 € A, a1 # ag is at least 1 and is equal to the number of ways in which it can
be represented as by + by, b1, b € B, by # bs.

e (5%, Erdos) Given several (at least two, but finitely many) arithmetic progressions, if each natural number
belongs to exactly one of them, prove there are two progressions whose common differences are equal.
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